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I. INTRODUCTION
Quantum mechanics and electrodynamics in one or two
dimensions are commonly employed to describe the be-
haviour of particles or quasi-particles (such as phonons)
in low-dimensional substructures like quantum wires or
quantum wells. However while particle wave functions
may be compressed and squeezed, they will always ex-
tend beyond the boundaries of attractive potential wells.
Therefore it is of interest to develop analytic models to
study the transition between two-dimensional and three-
dimensional behavior of particles in these systems.
The transition between two-dimensional and three-
dimensional behavior of particles in the presence of low-
dimensional substructure has been examined for non-
relativistic dispersion relations both for quantum wells
[1] and for substructures where particles propagate with
different effective mass (see e.g. [2] and references there).
The quasi-relativistic case with different effective mass
in a substructure has been studied in Ref. [3]. All
these systems exhibit inter-dimensional behavior in the
local density of states (DOS) in the sense that energy
and length scales can be identified in which the density
of states approaches the well-known two-dimensional or
three-dimensional limits.
In this paper we extend these studies to the case of
particles with quasi-relativistic dispersion relations in the
presence of quantum wells. Specifically, we determine the
DOS of charged quasi-relativistic bosons in the presence
of a thin quantum well.
The DOS counts the number of states per unit vol-
ume at a given energy and position, and is important for
understanding various properties of materials - in partic-
ular, for estimating the availability of carriers for charge
and heat transport. It also impacts scattering and ab-
sorption in materials and signifies band gaps. Confining
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potentials change the local density of states in a way that
manifests the interplay between three-dimensional and
low-dimensional effects. For example, consider a thin in-
terface in a three-dimensional bulk material, modeled as
a δ well potential. In Schro¨dinger theory, the DOS at the
interface is [1]
ρ(E, z0) = κρn=2(E + (~2κ2/2m))
+ ρn=3(E)
[
1− ~κ√
2mE
arctan
(√
2mE
~κ
)]
(1)
where W = qlΦ0 parameterizes the effective thick-
ness and depth of the well, κ = mW/~2 is the in-
verse penetration depth, and ρn=2(E) = Θ(E)
m
pi~2
and ρn=3(E) = Θ(E)
m
pi2~3
√
2mE are the well known
two- and three-dimensional DOS with two spin states.
The DOS at the interface is a superposition of the
two- and three-dimensional DOS. The factor 1 −
~κ/
√
2mE arctan(
√
2mE/(~κ)) smoothly turns on the
three-dimensional contribution to the DOS. Equation (1)
confirms the intuitive assumption that bound states in
the well contribute to a two-dimensional DOS which is
made dimensionally correct in three dimensions through
scaling by the inverse penetration depth, κ. Note also
that B = ~2κ2/2m is the binding energy of particles in
the well, i.e. their energy is
E =
~2k2‖
2m
− ~
2κ2
2m
=
~2k2‖
2m
− mW
2
2~2
, (2)
where ~k‖ is the momentum parallel to the potential well.
The argument of the two-dimensional contribution to the
density of states in (1) is therefore the kinetic energy of
particles in the well.
Research into materials with quasi-relativistic dis-
persion relations has exploded since the discovery of
graphene in 2004 [4]. These materials include two and
three-dimensional Dirac semi-metals [5, 6], topological
insulators [7, 8], topological Dirac semi-metals [9, 10] and
superfluid phases of 3He [11]. All of these materials have
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2low energy quasiparticle excitations described by Dirac
Hamiltonians and thus linear dispersion relations centred
around Dirac points in momentum space [11]. In partic-
ular, these materials posses novel electronic properties
and thus have promising applications in spintronics and
quantum computing.
In this paper we study two related quasi-relativistic
inter-dimensional systems, each implemented through
a confining electrostatic potential in the Klein-Gordon
equation. In spite of the apparent relevance of quasi-
relativistic dispersion relations for modern materials sci-
ence, there has not been much recent activity on low-
dimensional potentials with quasi-relativistic wave equa-
tions. Sveshnikov and Silaev have analyzed spectra and
wave functions in (1+1)-dimensional systems with imag-
inary spatial translations [12], and Ananchenko et al.
have studied bound states in a (2 + 1)-dimensional Dirac
equation with a spherically symmetric potential well [13].
We are considering Klein-Gordon type systems in 3 + 1
dimensions where the low-dimensional substructure is a
planar quantum well at z = z0. We are also focusing on
the local density of states since this provides an excellent
probe for the transition between two-dimensional and
three-dimensional behavior [1–3]. In Section II, we cal-
culate the inter-dimensional Klein-Gordon Green’s func-
tion for a delta well potential to first order in the parti-
cle charge, q. Then using the relativistic generalization
of the well known relation between the imaginary part
of the Green’s function and the DOS, we calculate the
inter-dimensional DOS at the well interface. In Section
III we calculate, numerically to full order in q, the inter-
dimensional DOS inside shallow finite square wells. In
both sections 2 and 3 we examine under what circum-
stances we find two and three dimensional behaviour in
our model systems. Our conclusions are presented in Sec-
tion IV and some mathematical details are collected in
appendices A and B.
II. DELTA WELL POTENTIALS
The relativistic generalization of the relation between
the imaginary part of the Green’s function and the DOS
is [3]
ρ(E, z)− ρ¯(E¯, z) = 2E
pi~2c2
=〈x‖, z|G(E)|x‖, z〉 (3)
where ρ¯ is the anti-particle DOS, E¯ = −E is the anti-
particle energy and = signifies the imaginary part of a
complex number. We calculate the Green’s function for
the quasi-relativistic quantum well and then use (3) to
determine the inter-dimensional DOS.
We consider a three-dimensional bulk material with a
thin interface. Inside the interface, the electrostatic po-
tential differs by a constant factor Φ0. We approximate
the interface as a delta well, centred at z = z0, so that the
electromagnetic potential is given by Aµ = (Φ(x)/c,0)
where Φ(x) = −lΦ0δ(z − z0). The parameter, l, has di-
mensions of length (needed to make the potential dimen-
sionally correct as the delta function has units of inverse
length) and intuitively parameterizes the thickness of the
well.
The equation of motion for coupling of charged Klein-
Gordon and electromagnetic fields is((
∂µ − i q~Aµ
)(
∂µ − i q
~
Aµ
)
− m
2c2
~2
)
φ(x0,x) = 0.
(4)
Substituting Aµ and keeping only leading order terms in
q yields the equation of motion(
∂µ∂
µ − m
2c2
~2
+ 2i
qΦ0l
c~
δ(z − z0)∂0
)
φ(x0,x) = 0 (5)
where we use the convention η
00
= −1 for the Minkowski
metric.
Since the retarded Green’s function is related to the
density of states by equation (3), we look for the x-
representation of the Green’s function, 〈x|G|x′〉, that sat-
isfies{
−∂20 +∇2 −
m2c2
~2
+ 2i
qΦ0l
c~
δ(z − z0)∂0
}
〈x|G|x′〉
= −δ(z − z′)δ(x0 − x′0)δ(x‖ − x′‖). (6)
The solution to equation (6), detailed in Appendix A,
has the form of a Hankel transformation〈
z,x‖|G(E)|x′‖, z′
〉
|E=~ck0 =∫
dk‖
2pi
J0
(
k‖
∣∣∣x‖ − x′‖∣∣∣) k‖ 〈z|G(E,k‖)|z′〉 (7)
where
〈
z|G(E,k‖)|z′
〉 |E=~ck0 = Θ
(
(k0)2 − k2‖ − m
2c2
~2
)
2
√
(k0)2 − k2‖ − m
2c2
~2
× i
{
exp
[
i
√
(k0)2 − k2‖ −
m2c2
~2
|z − z′|
]
+
qlΦ0
c~
k0
×
i exp
[
i
√
(k0)2 − k2‖ − m
2c2
~2 (|z − z0|+ |z′ − z0|)
]
√
(k0)2 − k2‖ − m
2c2
~2 − i qlΦ0c~ k0

+
Θ
(
m2c2
~2 + k
2
‖ − (k0)2
)
2
√
m2c2
~2 + k
2
‖ − (k0)2
×
{
exp
[
−
√
m2c2
~2
+ k2‖ − (k0)2 |z − z′|
]
+
qlΦ0
c~
k0
×
exp
[
−
√
m2c2
~2 + k
2
‖ − (k0)2 (|z − z0|+ |z′ − z0|)
]
√
m2c2
~2 + k
2
‖ − (k0)2 − qlΦ0c~ k0 − i
 .
(8)
3Equation (8) is the Greens function for a quasi-
relativistic boson in the presence of a thin quantum well,
valid for arbitrary position and energy. Consistently,
in the limit l,Φ0 → 0 equation (8) reproduces the free
Klein-Gordon Green’s function. It is not easy to identify
a two-dimensional limit from this Green’s function and
therefore we examine the DOS in the presence of the well
in order to explore this question further.
Substituting (7) into (3) yields the inter-dimensional
DOS. However we are mostly interested in the DOS at
(or near) the interface because this is where we expect the
most prominent inter-dimensional effects. The density of
states at the interface (z = z′ = z0) is
ρ(E, z0)− ρ(E, z0) =
Θ(E)ρn=2(E˜)
(
1
1 + W2~2c2
)
WE˜
~2c2
+ ρn=3(E)
×
[
1− WE
~c
√
E2 −m2c4 arctan
(
~c
√
E2 −m2c4
WE
)]
(9)
where we used W = qlΦ0 as in the non-relativistic delta
well, the energy variable in the two-dimensional contri-
bution is E˜ = E
√
1 + (W/~c)2, and the two- and three-
dimensional densities of states are ρn=2(E) = Θ(E
2 −
m2c4) E2pi(~c)2 and ρn=3(E) = Θ(E
2 −m2c4)E
√
E2−m2c4
2pi2(~c)3 .
Here, like in equation (1), W parametrizes the effective
thickness and depth of the well.
The key features of (9) are analogous to those of (1).
Equation (9) is a superposition of the standard two-
and three-dimensional relativistic DOS, Fig. 1. The
states perpendicular to the interface are exponentially
suppressed and contribute a term proportional to the
two-dimensional DOS. The argument of the two dimen-
sional DOS is scaled by a factor
√
1 + (W/~c)2 due to
the presence of the well. We can understand the appear-
ance of this factor in the two-dimensional contributions
to (9) by noting that the bound energy eigenstates in the
relativistic delta well are
ψκ,k‖(x‖, z) =
√
κ
2pi
exp(ik‖ · x‖ − κ|z|) (10)
with the transverse damping factor
κ =
WE
~2c2
(11)
and energy
E = c
√
mc2 + ~2k2‖
1 + (W/~c)2 , (12)
i.e. the argument of the two-dimensional contribution is
actually the rest energy plus kinetic energy for motion of
the bound states along the well,
E˜ = c
√
mc2 + ~2k2‖, (13)
and the dimensional factor that converts the relativistic
two-dimensional DOS into the contribution from the well
states to the three-dimensional DOS is κ/
√
1 + (W/~c)2.
The factor 1 − WE~c √E2−m2c4 arctan
(
~c
√
E2−m2c4
WE
)
smoothly turns the three-dimensional contribution on; in
other words it is responsible for the transition between
two- and three-dimensional behavior.
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FIG. 1. The density of states for charged bosonic particles
of mass m = me = .511 MeV in the interface with W =
0.02µm·eV. DotDashed: contribution from the bound states.
Dashed: three-dimensional DOS in absence of any quantum
wells. Solid: the inter-dimensional DOS according to (9)
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FIG. 2. The density of states for charged bosonic particles of
mass m = me = .511 MeV in the interface withW = 0.39 nm·
eV which corresponds to a binding energy of 1 eV. Dashed:
the non-relativistic DOS given by equation (1). Solid: the
relativistic DOS given by (9).
In the limitW → 0, the inter-dimensional DOS reduces
to the three-dimensional relativistic DOS. For W > ~c
the contribution from the two-dimensional term is en-
hanced so that in the limit W  ~c, equation (9) tends
to the two-dimensional term
(
1 + W
2
~2c2
)−1 WE˜
~2c2 ρn=2(E˜)
since the DOS is dominated by well states. In the low
energy limit, E → mc2, equation (9) reduces to the non-
relativistic equation from Schro¨dinger theory (1), Fig.
2. Furthermore, in the energy range for bound particle
4states
mc2√
1 + (W/~c)2 ≤ E < mc
2 (14)
only the two-dimensional term in (9) contributes. All
these limits behave as expected.
III. SHALLOW FINITE SQUARE WELLS
While delta wells are interesting, finite square wells
provide a more realistic model for a low-dimensional
systems as no real physical system is infinitely
thin/genuinely two-dimensional.
Although the Green’s function method is useful for
delta wells, when applied to finite square wells this
method results in ambiguities in choosing how to shift
the poles of the Green’s function, thus motivating us to
take a different approach.
In general, the density of states is given by
ρ(E)dE =
dn
V = |〈x|α〉|
2dα (15)
where α is the set of quantum numbers representing the
state [1]. Therefore, to determine the DOS in systems
with finite square wells, we construct the states of the
system by solving the equation of motion for our model
inter-dimensional system and then use equation (15).
We consider a system consisting of a three-dimensional
bulk with an interface of width 2a centred at z = 0.
The electrostatic potential inside the interface differs
by a constant, Φ0 (i.e., A
µ = (Φ(x)/c,0) and Φ(x) =
−Φ0Θ(a2− z2)). Substitution of Aµ into the equation of
motion for coupling of charged Klein-Gordon and elec-
tromagnetic fields, equation (4), yields(
−∂20+∇2−
m2c2
~2
+Θ(a2−z2)
(
2iW
~c
∂0+
W2
~2c2
))
φ(x) = 0
(16)
where W = qΦ0. Similar to the delta well, W,
parametrizes the depth of the well. However, the factor
l is absent because the well thickness is now contained in
the Heaviside step function, Θ(a2 − z2).
Breaking up the spatial vector into components par-
allel to the interface, x‖, and perpendicular to the in-
terface, z, we let x = (x‖, z). Then equation (16)
can be solved by invoking several separation ansa¨tze so
that φ(x) = φ0(x
0)φ‖(x‖)φ⊥(z). The parallel and time
components of the wave function are easily found to be
φ‖(x‖) = 12pi e
ik‖·x‖ and φ0(x0) = e−ik
0x0 .
Note that φ‖ is a normalized plane wave in the plane
parallel to the interface. Also, φ0 does not contain a
factor of 1/
√
2pi because wave functions cannot be nor-
malized in the time direction.
The differential equation for the perpendicular wave
function is given by
∂2⊥φ⊥
φ⊥
= −(k0)2 −Θ(a2 − z2)2W
~c
k0 −Θ(a2 − z2)W
2
~2c2
+
m2c2
~2
+ k2‖ = ±k2⊥. (17)
Inside the well it has the possible solutions
φ⊥(z) = A sin(k⊥z) +B cos(k⊥z) (18)
φ⊥(z) = Aek⊥z +Be−k⊥z (19)
with energies
E = −W ±
√
m2c4 + ~2c2k2‖ ± ~2c2k2⊥; (20)
outside the well, the solutions are
φ⊥(z) = A sin(k′⊥z) +B cos(k
′
⊥z) (21)
φ⊥(z) = Aek
′
⊥z +Be−k
′
⊥z (22)
with energies
E = ±
√
m2c4 + ~2c2k2‖ ± ~2c2k′⊥2. (23)
Here, k⊥ denotes the perpendicular component of mo-
mentum inside the well while k′⊥ denotes the perpendic-
ular component of momentum outside the well.
We consider the simplest case of shallow wells, 0 ≤
W ≤ mc2, which yield free particle and anti-particle,
bound particle, and tunneling anti-particle states. These
wave functions were calculated and are listed in appendix
B.
There is no mixing of particle and anti-particle states
(this requires W > mc2) nor particle anti-particle pair
production at the well boundaries (i.e. Klein paradox
which requires W > 2mc2). Additionally, charge is con-
served for Klein-Gordon particles. Therefore, we can
form a well defined DOS even though the Klein-Gordon
field does not have a conserved probability density. The
DOS for shallow wells (given by equation (15)) is then
found to be
ρ(E,x‖, z) = ρ(E, z) =∑
±
∑
n
Θ
(
E+W−
√
m2c4 + ~2c2ζ2n/a2
)E +W
2pi~2c2
|ψ±n (z)|2
+
∑
±
Θ
(
E −mc2
)E +W
2pi~2c2
∫ ∗
dk⊥|ψ±part(z)|2
+
∑
±
Θ
(
−mc2 − (E +W)
)E +W
2pi~2c2
∫ ∗
dk⊥|ψ±anti(z)|2
+
∑
±
Θ
(
−mc2 − E
)E +W
2pi~2c2
∫ ∗
dκ⊥|ψ±tunnel(z)|2
(24)
where (+) denotes the positive parity states and (−) the
negative parity states. The integration limits, the depen-
dences of the wave functions on the wavenumbers, and
the bound state parameters ζn are given in Appendix B.
5Equation (24) contains contributions from both parti-
cle and anti-particle states. To obtain the DOS for either
particles or anti-particles, we simply omit the undesired
states from equation (24). The integrals in (24) cannot
be solved analytically and therefore were computed nu-
merically.
1.0 1.2 1.4 1.6 1.8 2.0
0
1000
2000
3000
4000
5000
6000
E/mc2
ρ(E)[e
V-1 n
m
-3 ]
FIG. 3. The particle DOS in the interface at z = 0 for W =
mc2/10000 and mass m = me = 0.511MeV. The width was
set to 1 micrometer. DotDashed: is the contribution from the
states bound inside the quantum well. Dashed: is the three-
dimensional DOS in absence of any quantum wells. Solid: is
the DOS according to (24).
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FIG. 4. The particle DOS in the interface at z = 0 for W =
mc2/300 and mass m = me = 0.511MeV. The width was set
to 1 micrometer. DotDashed: is the contribution from the
states bound inside the quantum well. Dashed: is the three-
dimensional DOS in absence of any quantum wells. Solid: is
the DOS according to (24).
The DOS in inter-dimensional systems with shallow
wells is an interpolation between the well known two-
and three-dimensional DOS. For extremely shallow well
depths, W  mc2, the inter-dimensional DOS ap-
proaches the three-dimensional limit, Fig. 3; increasing
the well depth brings the inter-dimensional DOS closer
toward the two-dimensional DOS, Fig. 4. This is a con-
sequence of larger number of states in the well, which
corresponds to an increase of the relative weight of the
two-dimensional contribution from the well states to the
DOS.
Using a similar procedure as outlined in this section
we also calculated the inter-dimensional DOS for finite
square wells in Schro¨dinger theory. In the low-energy
limit, E → mc2, we observe agreement between the
Klein-Gordon and Schro¨dinger inter-dimensional DOS.
IV. CONCLUSIONS
We have calculated the density of states for quasi-
relativistic bosons moving in systems with thin interfaces,
where we have assumed that the electrostatic potential
differs by a constant from the bulk material. We have
found that the density of states in the well reduces to the
non-relativistic density of states from Schro¨dinger the-
ory in the low energy limit, E → mc2. Also in accord
with intuition, the inter-dimensional density of states
tends to the three-dimensional density of states in the
limit W → 0, whereas the contribution from the two-
dimensional density of well states increases for larger W,
corresponding in particular to larger well depth. Further-
more, we found that the dimensional conversion factor κ
(inverse penetration length of the well states) which con-
verts the two-dimensional density of states in the energy
scale to a contribution to the three-dimensional density of
states, in the relativistic case becomes κ/
√
1 + (W/~c)2.
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APPENDIX A: SOLUTION TO EQUATION (6)
Substitution of the Fourier decomposition of 〈x|G|x′〉,
〈x|G|x′〉 =
∫
d2k‖
∫
d2k′‖
∫
dk0
∫
dk′0
∫
dk⊥
× exp
[
i
(
k′0x′0 − k0x0 + k‖ · x‖ − k′‖ · x′‖ + k⊥z
)]
×
(
1
2pi
) 7
2 〈
k0,k‖, k⊥|G|k′0,k′‖, z′
〉
, (25)
into equation (6) yields
(
1
2pi
) 7
2
∫
d2k‖
∫
d2k′‖
∫
dk0
∫
dk′0
∫
dk⊥
×
{
(k0)2 − k2‖ − k2⊥ −
m2c2
~2
+ 2
qlΦ0
c~
k0δ(z − z0)
}
× exp
[
i
(
k′0x′0 − k0x0 + k‖ · x‖ − k′‖ · x′‖ + k⊥z
)]
×
〈
k0,k‖, k⊥|G|k′0,k′‖, z′
〉
= −δ(z − z′)δ(x0 − x′0)δ(x‖ − x′‖). (26)
6Next, we take the inverse Fourier transform with respect
to the variables x0, x′0,x‖,x′‖ and evaluate the resulting
integrals to get∫
dk⊥ exp (ik⊥z)×
〈
κ0,κ‖, k⊥|G|κ′0,κ′‖, z′
〉
{
m2c2
~2
+ κ2‖ + k
2
⊥ − (κ0)2 − 2
qlΦ0
c~
κ0δ(z − z0)
}
=
√
2piδ(z − z′)δ(k‖ − k′‖)δ
(
k0 − k′0) . (27)
Taking the inverse Fourier Transform with respect to z,
we get∫
dk⊥
∫
dz exp [iz (k⊥ − κ⊥)]
〈
κ0,κ‖, k⊥|G|κ′0,κ′‖, z′
〉
×
{
m2c2
~2
+ κ2‖ + k
2
⊥ − (κ0)2 − 2
qlΦ0
c~
κ0δ(z − z0)
}
=
√
2pi
∫
dz exp (−iκ⊥z) δ(z−z′)δ(k‖−k′‖)δ
(
k0 − k′0) .
(28)
Since (6) is a linear differential equation of constant co-
efficients with respect to all variables with the exception
of z and z′, it follows that
〈
k0,k‖, k⊥|G|k′0,k′‖, z′
〉
=〈
k⊥|G(k0,k‖)|z′
〉
δ(k‖ − k′‖)δ
(
k0 − k′0). Equation (28)
becomes(
m2c2
~2
+ κ2‖ + κ
2
⊥ − (κ0)2
)〈
κ⊥|G(κ0,κ‖)|z′
〉
exp (iz0κ⊥)
− qlΦ0
c~
κ0
∫
dk⊥
pi
exp (iz0k⊥)
〈
k⊥|G(κ0,κ‖)|z′
〉
=
1√
2pi
exp [iκ⊥ (z0 − z′)] . (29)
The mixed representation,
〈
κ⊥|G(κ0,κ‖)|z′
〉
, appears
both inside and outside of the integral in equation (29).
Since we are integrating over the perpendicular mo-
mentum variable,
∫
dk⊥
pi exp (iz0k⊥)
〈
k⊥|G(κ0,κ‖)|z′
〉
is
a function of κ0,κ‖, and z′. This suggests writing (29)
as 〈
κ⊥|G(κ0,κ‖)|z′
〉
exp (iz0κ⊥) =
exp[iκ⊥(z0−z′)]√
2pi
+ f(κ0,κ‖, z′)
m2c2
~2 + κ
2
‖ + κ
2
⊥ − (κ0)2 − i
, (30)
where we have shifted the poles in agreement with
the conventions for a retarded Green’s function and
f(κ0,κ‖, z′) satisfies
f(κ0,κ‖, z′) +
qlΦ0
c~
κ0
∫
dk⊥
pi
exp (iz0k⊥)
× 〈k⊥|G(κ0,κ‖)|z′〉 = 0. (31)
Solving for f(k0,k‖,z′), we find
f(k0,k‖, z′) =
1√
2pi
qlΦ0
c~ k
0
∫
dκ⊥
pi
exp[iκ⊥(z0−z′)]
κ2⊥−
(
(k0)2−m2c2~2 −k2‖
)
−i
1− qlΦ0c~ k0
∫
dκ⊥
pi
1
κ2⊥−
(
(k0)2−m2c2~2 −k‖
)
−i
.
(32)
Simplifying the integrals in (32) yields
f(k0,k‖, z′) =
Θ
(
(k0)2 − k2‖ − m
2c2
~2
)
√
2pi
×
 qlΦ0c~ κ0i exp
[
i
(
(k0)2 − k2‖ − m
2c2
~2
)
|z0 − z′|
]
√
(k0)2 − k2‖ − m
2c2
~2 − i qlΦ0c~ κ0

+
Θ
(
m2c2
~2 + k
2
‖ − (k0)2
)
√
2pi
×
 qlΦ0c~ κ0 exp
[
−
(
m2c2
~2 + k
2
‖ − (k0)2
)
|z0 − z′|
]
√
m2c2
~2 + k
2
‖ − (k0)2 − qlΦ0c~ κ0 − i
 .
(33)
Hence, we find that
〈
k⊥|G(k0,k‖)|z′
〉
=
1√
2pi
1
m2c2
~2 + k⊥ + k
2
‖ − (k0)2 − i
×
{
exp (−ikz′) + Θ
(
(k0)2 − k2‖ −
m2c2
~2
)
exp (−ik⊥z0)
×
 qlΦ0c~ k0i exp
[
i
(
(k0)2 − k2‖ − m
2c2
~2
)
|z0 − z′|
]
√
(k0)2 − k2‖ − m
2c2
~2 − i qlΦ0c~ k0

+ Θ
(
m2c2
~2
+ k2‖ − (k0)2
)
exp (−ik⊥z0)
×
 qlΦ0c~ k0 exp
[
−
(
m2c2
~2 + k
2
‖ − (k0)2
)
|z0 − z′|
]
√
m2c2
~2 + k
2
‖ − (k0)2 − qlΦ0c~ k0 − i
 .
(34)
To obtain
〈
z|G(E,x‖)|z′
〉 |E=~ck0 , we first preform
an inverse Fourier transform with respect to z′ on the
mixed representation of the retarded Green’s function,
7〈
k⊥|G(k0,k‖)|z′
〉
, to get
〈
z|G(E,k‖)|z′
〉 |E=~ck0 = Θ
(
(k0)2 − k2‖ − m
2c2
~2
)
2
(√
(k0)2 − k2‖ − m
2c2
~2
)
× i
{
exp
[
i
√
(k0)2 − k2‖ −
m2c2
~2
|z − z′|
]
+
qlΦ0
c~
k0
× i
exp
[
i
√
(k0)2 − k2‖ − m
2c2
~2 (|z − z0|+ |z′ − z0|)
]
√
(k0)2 − k2‖ − m
2c2
~2 − i qlΦ0c~ κ0

+
Θ
(
m2c2
~2 + k
2
‖ − (k0)2
)
2
(√
m2c2
~2 + k
2
‖ − (k0)2
)
×
{
exp
[
−
√
m2c2
~2
+ k2‖ − (k0)2 |z − z′|
]
+
qlΦ0
c~
k0
×
exp
[
−
√
m2c2
~2 + k
2
‖ − (k0)2 (|z − z0|+ |z′ − z0|)
]
√
m2c2
~2 + k
2
‖ − (k0)2 − qlΦ0c~ κ0 − i
 .
(35)
Performing a further Fourier transform with respect to
k‖ yields
〈x|G(E)|x′〉 =
∫
d2k‖ exp
[
ik‖
(
x‖ − x′‖
)]
× 〈z|G(E,k‖)|z′〉
=
∫
dθ
∫
dk‖
(2pi)2
k‖ exp
[
ik‖
∣∣∣x‖ − x′‖∣∣∣ cos(θ)]
× 〈z|G(E,k‖)|z′〉
=
∫
dk‖
2pi
J0(k‖
∣∣∣x‖ − x′‖∣∣∣)k‖ 〈z|G(E,k‖)|z′〉 . (36)
However, we are most interested in the Green’s func-
tion at the interface, z = z′, where we expect the most
prominent inter-dimensional effects. At the interface,
J0(0) = 1, and
〈x|G(E)|x〉 |E=~ck0 =
∫
dk‖
2pi
k‖
〈
z|G(E,k‖)|z
〉
. (37)
APPENDIX B: SUMMARY OF STATES
In this appendix we collect the wave functions with
their appropriate energy and momentum ranges, neces-
sary to carry out the integration in equation (24).
Free Particle and Anti-Particle States
The wave functions for the free particle and anti-
particle states are
φ+part(z) = φ
+
anti(z) =
1/
√
pi√
cos2(k⊥a) +
k2⊥
k′⊥
2 sin
2(k⊥a)
×
[
Θ(a2 − z2) cos(k⊥z) + Θ(z2 − a2)
×
[
cos(k⊥a) cos (k′⊥(|z| − a))
− k⊥
k′⊥
sin(k⊥a) sin (k′⊥(|z| − a))
]]
(38)
and
φ−part(z) = φ
−
anti(z) =
1/
√
pi√
sin2(k⊥a) +
k2⊥
k′⊥
2 cos2(k⊥a)
×
[
Θ(a2 − z2) sin(k⊥z) + Θ(z2 − a2)
× sign(z)
[
sin(k⊥a) cos (k′⊥(|z| − a))
+ cos(k⊥a) sin (k′⊥(|z| − a))
]]
. (39)
The free particle energy is given by
E = −W +
√
m2c4 + ~2c2(k2‖ + k
2
⊥)
=
√
m2c4 + ~2c2(k2‖ + k
′
⊥
2). (40)
where E ≥ mc2. Therefore, for fixed energy, k⊥ is re-
stricted to the interval
√
2EW +W2 ≤ ~ck⊥ ≤
√
(E +W)2 −m2c4. (41)
The free anti-particle energy is given by
E¯ =W +
√
m2c4 + ~2c2(k2‖ + k
2
⊥)
=
√
m2c4 + ~2c2(k2‖ + k
′
⊥
2). (42)
where E¯ ≥ mc2 +W. For fixed energy, k⊥ is restricted
to the interval
0 ≤ ~ck⊥ ≤
√
(E +W)2 −m2c4. (43)
8Tunneling Anti-Particle States
The wave functions for the tunneling anti-particle
states are
φ+tunnel(z) =
1/
√
pi√
cosh2(k⊥a) +
k2⊥
k′⊥
2 sinh
2(k⊥a)
×
[
Θ(a2 − z2) cosh(k⊥z) + Θ(z2 − a2)
×
[
cosh(k⊥a) cos (k′⊥(|z| − a))
+
k⊥
k′⊥
sinh(k⊥a) sin (k′⊥(|z| − a))
]]
(44)
and
φ−tunnel(z) =
1/
√
pi√
sinh2(k⊥a) +
k2⊥
k′⊥
2 cosh
2(k⊥a)
×
[
Θ(a2 − z2) sinh(k⊥z) + Θ(z2 − a2)
× sign(z)
[
sinh(k⊥a) cos (k′⊥(|z| − a))
+
k⊥
k′⊥
cosh(k⊥a) sin (k⊥(|z| − a))
]]
. (45)
The tunneling anti-particle energy is given by
E¯ =W −
√
m2c4 + ~2c2(k2‖ − k2⊥)
=
√
m2c4 + ~2c2(k2‖ + k
′
⊥
2) (46)
where E¯ ≥ mc2 and for a fixed energy, k⊥ is restricted
to the interval
<
√
m2c4 − (E +W)2 ≤ ~ck⊥ ≤
√
−(2EW +W2).
(47)
Bound Particle States
The wave functions for the bound particle states are
φ+n (z) =
eζ
′
n√
a
[
1 +
1
ζ ′n
]−1/2[
Θ(a2 − z2) cos(ζnz/a)e−ζ′n
+ Θ(z2 − a2) cos(ζn)e−ζ′n|z|/a
]
(48)
and
φ−n (z) =
eζ
′
n√
a
[
1 +
1
ζ ′n
]−1/2[
Θ(a2 − z2) sin(ζnz/a)e−ζ′n
+ Θ(z2 − a2)sign(z) sin(ζn)e−ζ′n|z|/a
]
. (49)
For the even solution, the momentum perpendicular to
the well is quantized by the condition
ζn tan(ζn) =
√
2Wa
~c
√
ζ2n +
m2c2
~2
a2 − ζ2n −
W2a2
~2c2
= ζ ′n
(50)
where ζ = k⊥/a and ζ ′ = k′⊥/a. For the odd solution,
the momentum perpendicular to the well is quantized by
the condition
ζn cot(ζn) = −
√
2Wa
~c
√
ζ2n +
m2c2
~2
a2 − ζ2n −
W2a2
~2c2
= −ζ ′n (51)
where ζ = k⊥/a and ζ ′ = k′⊥/a. The allowed energies
are given by
En = −W +
√
m2c4 + ~2c2(k2‖ + ζ2n/a2) (52)
=
√
m2c4 + ~2c2(k2‖ − ζ ′n2/a2). (53)
where En ≥ mc2 −W.
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